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The re  exist  a number  of methods for  finding the effect ive moduli of compos i t e  m a t e r i a l s  (see, for ex-  
ample ,  [1, 2]). The exact  calculat ion of the effect ive moduli of a compos i te  ma t e r i a l  is d i f f i cu l t .  The an iso-  
t ropic  effect ive e las t ic  moduli  of s e v e r a l  f ibrous  s t r u c t u r e s  with t r a n s v e r s a l l y  i sot ropic  or  or thot ropic  s y m -  
m e t r y  were  found in a co r r e l a t i on  approximat ion  in [3, 4], using the Royce scheme  in [5], as  well  as in [6] on 
the bas i s  of a s impl i f ied  va r ian t  of the theo~:y of [7]. The re  exist  [8] s imple  fo rmu la s  for  the effect ive Young 
modulus of a compos i te  m a t e r i a l  made  of f iber ,  in the cyl indr ica l  shell  of the mat r ix ,  in the case  of axial  load-  
ing and a s ing le - row dis t r ibut ion of the p r e s s u r e .  

w 1. Let us cons ider  a compos i t e  ma te r i a l ,  chaot ica l ly  r e in fo rced  with i so t ropic  f ibers .  As a r e su l t  of 
the chaotic c h a r a c t e r  of the or ienta t ion of the f ibe r s ,  the compos i te  ma t e r i a l  will be i sot ropic  on the average .  

The indices c, f, m denote quanti t ies  cha rac t e r i z ing  the compos i te  ma te r i a l ,  a f iber ,  and a mat r ix ,  r e -  
spect ively.  The effect ive  e las t ic  moduli a r e  obtained on the bas i s  of a genera l ized  ru le  of mixing,  with consecu-  
t ive and pa ra l l e l  addition of s o m e  e lements .  For  this purpose ,  we introduce Nf (Nf is the number  of f ibers  in 
the compos i t e  material} e lements ,  cons i s t ing  of a f iber ,  sur rounded by an effect ive cyl indr ica l  l ayer  of the 
ma t e r i a l  of the ma:trix. The volume of the effect ive layer  is equal to the volume of the m a t r i x  Vam divided by 

Nf. 
The express iun  for  the effect ive densi ty of the f r ee  energy,  neglect ing the interact ion between a r e s in  

and a bor ic  f iber ,  is the sum of the energ ies  of the ma t r i x  and the isotropic  f iber :  

where  3.m, / lm, k f, # f  a r e  the Lam~ constants  of the m a t r i x  and the f iber ,  depending on the t empera tu re ;  Vm, 
Vf a r e  the r e l a t i ve  vo lumet r i c  contents of the ma t r i x  and the f iber  in the compos i t e  ma te r i a l ;  t~m, a f  axe the 
coeff ic ients  of l inear  t h e r m a l  expansion of the ma t r i x  and the f iber ;  J =T - T  o is the t e m p e r a t u r e  drop; T O is the 
t e m p e r a t u r e  at which the re  a r e  no s t r e s s e s  or  deformat ions ;  T is the absolute  equi l ibr ium t e m p e r a t u r e ,  not 

' m k  depending on the coord ina tes ;  8 i j (  ) (i, j,  k =1, 2, 3) a r e  the components  of the deformat ions  o f t h e m a t r i x  for 
e lements  of the k - t h  kind, being the mean e lements  over  all  the para l le l  or  consecut ive  e lements .  In (1.1) the 
effect ive densi ty of the f r ee  ene rgy  of the compos i te  ma t e r i a l  is found by superpos i t ion  of the energ ies  of 
e lements  depending on the deformat ions ,  different  for  different  e lements  and different components  of the c o m -  
posi te  ma te r i a l .  In (1.1) and in what follows the summat ion  is c a r r i e d  out ove r  al l  the repea t ing  Roman sub-  
sc r ip t s .  

As a r e su l t  of the postulat ion of the i so t ropy of the compos i te  ma te r i a l  on the average ,  the manner  of 
wri t ing (1.1) co r r e sponds  to th ree  (k= l ,  2, 3) equally justif ied kinds of middle e lements .  The e lements  of each 
kind a r e  pa ra l l e l  to each other ,  and perpendicular  to e lements  of another  kind. 

We d i rec t  the axes  of the th ree  types of e lements  along the axes  of coordinates ;  then if, r e l a t i ve  to some  
a r b i t r a r y  loading, the e lements  of  one type a r e  pa ra l l e l  one to another ,  the e lements  of the two other types ,  
both within the type of e lements  and between t hemse lves ,  will be connected in sequence.  

Kuibyshev. T rans l a t ed  f r o m  Zhurnal  Prikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 2, pp. 155-159, 
March-Apr i l ,  1977. Original a r t i c l e  submit ted  April  14, 1976. 

I 
T his material is protected by copyright registered in the name of  Plenum Publishing Corporation, 22 7 West l 7th Street, New York, N.Y. 10011. No part 
of  this publica~on may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, 
microfilming, recording or otherwise, without written permission o f  the publisher. A copy of  this article is available from the publisher for $Z50. 

2 7 0  



A 

o,4 o,s 

J 

7' 

=0,~ 
,.o=.I 
,V b .4 

V,n 2;'5 JO0 JSO T ,  

Fig.  1 Fig.  2 

~ 5  

T=500 ~ 

,~ 

Fig. 3 

We denote  by ~ (.mk), s (k =1,  2, 3) the  componen t s  of the t e n s o r s  of  the de fo rma t ions  (below ca l led  tj [ 
e l e m e n t a r y  de fo rma t ions ) ,  a~e raged  ove r  an e lement  of the k - t h  type ,  r e s p e c t i v e l y ,  for  the m a t r i x  and the  f iber ,  
for  which  the  ru l e s  fo r  the s u m m a t i o n  of  the de fo rma t ions  of e l emen t s  pa r t i c ipa t ing  in a consecu t ive  connect ion  
a r e  valid;  to obtain  the  de fo rma t ions  of  the  c o m p o s i t e  m a t e r i a l ,  the r u l e  of  the equal i ty  of  the de fo rma t ions  of 
e l emen t s ,  pa r t i c ipa t ing  in a pa ra l l e l  connect ion ,  to the de fo rma t ions  of the  c o m p o s i t e  m a t e r i a l  is a l so  valid. 

The de fo rma t ions  of  the c o m p o s i t e  m a t e r i a l ,  to  which the e l emen t s  of fer  a r e s i s t a n c e ,  be ing connec ted  in 
pa ra l l e l ,  a r e  equal to the  e l e m e n t a r y  de fo rma t ions  of  the m a t r i x  and the f iber .  The de fo rma t ions  of  the c o m -  
pos i te  m a t e r i a l ,  which  a r e  r e s i s t e d  by  two types  of e l emen t s ,  connec ted  consecu t ive ly ,  a r e  equal to the s u m of 
the e l e m e n t a r y  de fo rma t ions  of  the  m a t r i c e s  and the f i b e r s  of  the e l ement s  of these  two types ,  i .e . ,  

e(r _~ (~(mf~) e(l~) • e(mv) j_ e(l~)~ 
= ~ ~ -k a~ ~ r ~ ~z~ j = e ~ ' ~ ) = e ~ ) ,  (1.2) 

E(c) N I  I (met) (]r ~(mf)  8(/~)'~ 8(m,.,) 8(fv) 

a, p, ~, = 1, 2, 3; a =/= [~ =/= ~,. 

In equal i t ies  (1.2). and in what fol lows s u m m a t i o n  is not  c a r r i e d  out o v e r  the  r epea t i ng  Greek  subsc r i p t s .  The 
mean  de fo rma t ivns  of  e l emen t s  of  one kind a r e  a s s u m e d  ident ical  fo r  a r eg ion  of  ident ical  componen t s .  

To d e t e r m i n e  the ef fec t ive  e las t ic  modul i  it is suff ic ient  to find t h e m  dur ing  the c o u r s e  of  any  a r b i t r a r y  
p r o c e s s e s .  With a r b i t r a r y  p r o c e s s e s ,  e x p r e s s i o n  (1.1) can  c o r r e s p o n d  to an i so t rop ie  m a t e r i a l s  ff the fol lowing 
equal i t ies  a r e  not sa t i s f ied  fo r  t h e m  

. . . . .  ~r ~ = m , / ;  (1.3) 

i j  ~ij  : -~.7 ~ij  = 'll ~ i j  e i j  ' l -  

a, f i = i ,  2, 3 
• = const, ~1~ = const, ~ = const. 

The  poss ib i l i t y  that  (1.3) will  not  be sa t i s f ied  is a consequence  of the nonequiva lent  r e p l a c e m e n t  of  an i so t rop ic  
c o m p o s i t e  m a t e r i a l  by  a s y s t e m  of t h r e e  types  of  e l emen t s .  To e l imina te  this  nonequiva lence ,  we l imi t  o u r -  
se lves  to p r o c e s s e s  leading to (1.3). As such  p r o c e s s e s ,  let us cons ide r  two, fo r  which  

(c) 8(c) (e) 
) = d l  ) = 4 ?  = 0 ;  = = o .  

For  the quant i t ies  en te r ing  into (1.2), as  a r e s u l t  of  the  equivalance  of the  axes ,  we can  se t  

(1.4) 

(1.5) 

= ~  ; ~ =~e~, ~=m,f ,  ~=~ .  (1.6) 
' k 

The deformations e (~ )  enterm into k) " ij , " g " (1.1), depend on the e l e m e n t a r y  de fo rma t ions  s !~ with the p r o -  
c e s s e s  (1.4), (1.5) in the s a m e  way  as  the de fo rma t ions  of the c o m p o s i t e  m a t e r i a l  r..~c) denen~ on e ~.mk) o r  on LJ ~- 
e.(.fk) in the c a s e  of the  p r o c e s s e s  (1.4), (1.5), w h e r e  the  c o m p o s i t e  m a t e r i a l  is a m o n o m e r  of  m orklf. The l a t -  
tetr J a s s e r t i o n  s t e m s  f r o m  thej~ka~t that ,  in the c a s e  of  a m o n o m e r ,  e~j(~ k) co inc ides  with s c) and, of the d e f o r m a -  
t ions  s  , we have only  o r  s . 
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F r o m  this ,  and f r o m  (1.2), (1 .0 ,  it follows that the e l emen ta ry  deformat ions  and the deformat ions  of 
e lements  of some  type enter ing into (1.1) will be equal to each other  if they co r re spond  to loads,  r e l a t ive  to 
which the e lements  a r e  connected in a pa ra l l e l  manner .  If the e lements  a r e  connected in a consecut ive  m~nner ,  
then, f r o m  (1.1), de format ions  cor responding  to the loading of consecut ive  e lements  will be greate~ than the 
e l e m e n t a r y  deformat ions  by  (2/3)Nf t i m e s  ((2]~)Nf is  the number  of consecut ive  e l e m e n t s ) .  T h u s ,  the de fo r -  
ma t ions  el]~k) a r e  defined in t e r m s  of the e l e m e n t a r y  de fo rmat ions  the using re la t ionsh ips  

I s (~) with k = r 

2 N- (~)  -'(~) t - y  ~ with k----~, (1.7) 
] 2 N-(~?) [ T  ' ~  with k=v ,~=ra , / ;  
t 2 ar _(r 

i 
- ~ - - ~ , ~  . with k = tz, 

e '(r 2 Ns(r ~ [ ~  ,~, with ~=iL 

/ w i t h  = = 

a, [~, V =  1, 2, 3, a 4= I$ :f: ~. 

With the p r o c e s s  (1.4), (1.6), sa t i s fac t ion  of re la t ionsh ips  (1,3), taking account of (1.7), (1.2) leads to the equal-  
i t ies 

- -  e ~ a  - -  - ~ - ~ v  , ~ o ,  , o~--~ [~, ( 1 .  S)  

2 N e(mt~) 

• = (3 - -  2u)/3, • = (l + 2~)/3, 

~r = 0/3)[(•162 - -  ~1r 

In the ca se  of the p r o c e s s  (1.5), (1.6), f r o m  (1.3), (1.7), (1.2) it follows 

( i  - -  ~ )  ~(c) 2 ar _(1~) 
~ = - - 5 - , , t ~  , a--/=~, (1.9) 

~lS(c) 2 mr ~(m~) 

'lf = [i + 20 - -  'l)~l/3, 'lm = [l + 2~']/'3. 

The deformations eo~ /3) and e ~) (~ #/3) are connected with the true mean deformation of the } -component 
and of the elements participating in the consecutive connection, and with the volumetric contents of the com- 
ponents by the relationships 

~ ~---~- 1 ~  = ~ aa, ~ = - 5 - , , ] ~  = V~e~,~, (1.10) 

= f ,  m, V ~ + V , ~ =  1. 

Formulas (1.10) follow f r o m  (1.7), r e spec t ive ly ,  with k =/3, y and k =_a, /3, s ince e'(~/3) and e '  (~r a r e  d e f o r m a -  
t ions,  ave raged  over  the volume of the consecut ive  e lements ,  and e~P a and e ~  a r e  deformat ions ,  ave raged  over  
the volume of the f ibers  and the ma t r ix ,  r e spec t ive ly ,  with ~ equal to m and f .  We note that the deformat ions  
e ~  (~) and e ~ T ) ( ~  ~/3 r y)  a r e  equal,  r e spec t ive ly ,  to the deformat ions  e ~  and e ~  of the , - c o m p o n e n t ,  

pa r t i c ipa t ing  in a pa ra l l e l  connection.  

The values of  the vo lumet r ic  e las t ic  moduli K~ and the shear  e las t ic  moduli of the p~ -compone~ats a r e  
de te rmined ,  r e spec t ive ly ,  for  the p r o c e s s e s  (1.4), (1.6) and (1.5), (1.6) in a s y s t e m  of consecut ively  connected 
e lements  

3K~e~ = e ~ ,  ~ = t, m; (1.11) 

where  ( r ~  and ~ (~fl a r e  the co r respond ing  pa r t s  of the t ensor  of the s t r e s s e s ,  a t t r ibuted to consecut ive ly  con-  
nec ted  e lements .  

The substi tut ion of the f i r s t  and second equali t ies  of (1.2), (1.10), (1.11), r e spec t ive ly ,  into the second 
equali t ies  of (1.8), (1.9) gives 

K t / V f  ~ f / v !  
= KI/V ! -~- Km/V m' 11 = ~I/Vj  + ~m/V, , /  (1.12) 
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Substituting (1.3) into (1.1) and differentiating the resul t  with respec t  to eci, taking account of re la t ion-  
sh[ps (1.8), (1.9), we obtain formulas  for the effective Lam~ coefficients 2~ c, pc 'and  the module Ke, as well as 
the coefficient of l inear thermal  expansion a c  of a fibrous composite mater ia l  

g .  = K.,,Vm(1 ~ 2~,')2/9 " _KsVI(3 - -  2• (1.13) 
~t~ = ~t,~V,n(t + 2~12)/3 + ~tsVl[i + 2(1 -- ~@2]/3; 

~c ----- Kc -- (2/3)Pc, ae = 7J3Kc,  

7c = VmKrnarn(t + 2• A- VIKIcz](3 - -  2• 

(the values of u and V are  determined by the relat ionships (1.12)). 

w As an example of the application of formula (1.13), let us consider a matrix,  i.e., I~D-6 epoxide resin,  
hardened with methyltetrahydrophthalic anhydride and re inforced with a polycrystal l ine boric fiber. In [9], 
values were obtained for the elastic moduli, depending on T, and the coefficient of l inear thermal  expansion of 
the e,<~xide res in  under discussion. We use these data, as well as the elastic moduli of polycrystal l ine boric 
fiber [10], neglecting their dependence on T in compar ison with the corresponding dependence for the resin.  
Figures  1-3 show calculated dependences of the elastic moduli of a composi te  mater ia l  on the relat ive volume- 
t r ic  concentration,  tempera ture ,  and degree of c ross - l ink ing  r0/Nb , where r 0 is the distance between the ends 
of a r e s i n - h a r d e n e r  chain; b is the mean length of a segment;  N is the number of segments  in a chain. As Fig. 
1 shows, the elastic moduli of a composi te  mater ia l  a re  equal to the elastic moduli of a component if the r e l a -  
tive concentrat ion of the lat ter  is equal to unity. The course  of the curves in Fig. 1 corresponds  qualitatively 
to the fact that a chaotic disorientation of the f ibers decreases  the elastic modulus of the composite material .  
The decrease  in the elastic moduli (see Figs. 2 and 3) with a r i s e  in the tempera ture  and with a decrease  in the 
degree of c ross - l ink ing  is also in agreement  with the experimental  data. 
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